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Abstract 
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1 Introduction 



The Skinner-Rusk formalism ^'IT was developed in order to give a geometrical unified formalism 
for describing mechanical systems. It incorporates all the characteristics of Lagrangian and Hamil- 
tonian descriptions of these systems (including dynamical equations and solutions, constraints, 
Legendre map, evolution operators, equivalence, etc.). 

This formalism has been generalized to time-dependent mechanical systems 0, and also to the 
multisymplectic description of first-order field theories [5] , j25j . 

The first aim of this paper is to extend this unified framework to Giinther's description of first- 
order classical field theories , and show how this description comprises the main features of the 
Lagrangian and Hamiltonian formalisms, both for the regular and singular cases. 

Let us point out that Giinther's formalism should be also called /c-symplectic formalism because 
the base of this formalism are the standard polysymplectic manifolds, introduced by Giinther in j21j . 
which coincide with the A;-symplectic manifolds introduced by Awane in Giinther's paper 

gives a geometric Hamiltonian formalism for field theories. The crucial device is the introduction 
of a vector-valued generalization of a symplectic form, called a polysymplectic form. One of the 
advantages of this formalism is that only the tangent and cotangent bundle of a manifold are 
required to develop it. In Giinther's formalism was revised and clarified. It was shown that 
the polysymplectic sructures used by Giinther to develop his formalism could be replaced by the 
A;-symplectic structures defined by Awane 0121 El- So this formalism could be called A;-symplectic 
formalism. 

The fc-symplectic formalism is the generalization to field theories of the standard symplectic 
formalism in mechanics, which is the geometric framework for describing autonomous dynamical 
systems. In this sense, the A;-symplectic formalism is used to give a geometric description of certain 
kind of field theories: in a local description, those whose Lagrangian does not depend on the 
coordinates in the basis (in many of them, the space-time coordinates); that is, it is only valid 
for Lagrangian L{q^,v\) and Hamiltonian H{q'',pf) that depends on the field coordinates and 
on the partial derivatives of the field v\. A natural extension of this formalism is the so-called 
/c-cosymplectic formalism, which is the generalization to field theories of the cosymplectic formalism 
which describes geometrically non-autonomous mechanical systems (this description can be found in 
[2Hll2n])- It is devoted to describing field theories involving the independent parameters {t^, . . . ,t^) 
on the Lagrangian L(t'^,q^ ,v\) and on the Hamiltonian H{t^,q^,pf). 

It is interesting to remark here that the polysymplectic formalism developed by G. Sardanashvily 
et al ^1 EH], based on a vector valued form on some associated fiber bundle, is a different 
description of classical field theories of first order than the polysymplectic formalism proposed by 
Giinther. (See also [SH] for more details on the polysymplectic formalism). In addition, we must 
remark that the soldering form on the linear frames bundles is a polysymplectic form, and its study 
and applications to field theory constitute the n-symplectic geometry developped by L. K. Norris 

The so-called time-evolution K-operator in mechanics (also known by some authors as the rel- 
ative Hamiltonian vector field j38j ) is a tool which has mainly been developed in order to study 
the Lagrangian and Hamiltonian formalisms for singular mechanical systems and their equivalence. 
This operator was introduced in |^ and [221) later it was defined geometrically in two differ- 
ent but equivalent ways j^l, |E1 for autonomous dynamical systems. In |16) . a further different 
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geometric construction is given, using a canonical map introduced by Tulczyjew [32]. The K- 
operator relates the sets of solutions of the Euler-Lagrange equations and the Hamilton equations; 
it also relates constraints on the Lagrangian and Hamiltonian sides, and allows us to obtain a 
complete classification of constraints [5; as well as Lagrangian Noether infinitesimal symmetries 
from a Hamiltonian generator of symmetries |38[ 111! \12\ I17j . It is also used for studying Lagrangian 
systems whose Legendre map has generic singularities |381 139j . 

The second aim of this paper is to generalize the definition and properties of this operator for 
first-order field theories in order to describe the relationship between the Lagrangian and Hamil- 
tonian fc-symplectic formalisms. In particular we extend the results in P!S|, showing how to obtain 
the solutions of Lagrangian and Hamiltonian field equations by means of this operator. The same 
idea has been developed in [2] but using the multisymplectic description of classical field theories. 

The organization of the paper is as follows: Section 2-4 are devoted to reviewing the main 
features of Giinther's formalism or /c-symplectic formalism j2H 13 Ij of Lagrangian and Hamiltonian 
field theories. 

In particular, in Section 2 the field theoretic phase space is introduced as the Whitney sum 
{T^)*Q = T*Q® .>f. ®T*Q of A;-copies of the cotangent bundle T*Q of a manifold Q. This 
space is the canonical example of a polysymplectic manifold. A particular case of polysymplectic 
manifolds are the fc-symplectic manifolds (see Refs. [3, 4, 5, 8, 9]) which coincide with the standard 
polysymplectic manifolds. 

The field theoretic state space is introduced as the Whitney sum T^Q = TQ® ■ ®TQ of 
fc-copies of the tangent bundle TQ of a manifold Q. This manifold has a canonical fc-tangent 
structure defined by k tensor fields of type (1, 1) satisfying certain algebraic properties. The k- 
tangent manifolds were introduced in de Leon et al. |261 I27j . and they generalize the tangent 
manifolds (see Refs. 0IIO, i_9, 20, 24, 27 ). 

Section 3 is devoted to giving a geometric interpretation of the second order partial differential 
equations. Here we show that these equations can be characterized by using the canonical fc-tangent 
structure of T^Q, which generalizes the case of Classical Mechanics. 

The Hamiltonian and Lagrangian formalisms are developed in Section 4. Lagrangian formalism 
is developed using the canonical fc-tangent structure of T^Q, or the Legendre transformation as in 
Giinther EH . 

In section 5 we develop the unified formalism for field theories, which is based on the use of the 
Whitney sum T^Q ©q {T^)*Q of T^Q and {T^)*Q. There are canonical presymplectic forms on 
it (the pull-back of the canonical symplectic form on each T*Q) and a natural coupling function 
which is defined by the contraction between vectors and covectors. Then, given a Lagrangian 
L € C°°{T^Q) we can state a field equation on T^Q(Bq {T^)*Q. This equation has solution only on 
a submanifold Ml, which is the graph of the Legendre map. Then we prove that if Z = {Zi, . . . , Zf^) 
is an integrable A:-vector field, solution to this equation and tangent to Ml, then the projection onto 
the first factor T^Q of the integral sections of Z are solutions of the Euler-Lagrange field equations. 
If L is regular the converse also holds. Furthermore, we establish the relationship between Z and 
the Hamiltonian and the Lagrangian A;- vector fields of the fc-symplectic formalism, Xh and Xl. 

In Section 6 we review the definition and the main properties of the evolution operator K 
for autonomous mechanics. Next we define the field operators which, as a consequence of the 
field equations on the A;-symplectic formalism, are given as a fc-vector field along the Legendre 
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transformation FL, associated to the lagrangian L : T^Q — M, satisfying certain properties. 
Finally we finish with similar results for field theories to those obtained in jJB] and [5]. 

In a forthcoming paper we shall extend the results of this paper to the /c-cosymplectic formalism 

[iHii2ni- 

Manifolds are real, paracompact, connected and C°°. Maps are C°°. Sum over crossed repeated 
indices is understood. 



2 Geometric framework: autonomous case 



2.1 The cotangent bundle of fc^-covelocities of a manifold 



Let Q be a differentiable manifold of dimension n and r* : T*Q ^ Q its cotangent bundle. Let us 
denote by {T^)*Q = T*Qe .'^ . (BT*Q the Whitney sum of k copies of T*Q, with projection map 
t*q: {TlYQ ^ g, T*Q{a\, ...,a\)=q, for every {a\, . . . ,a^) G {TIYQ. 

{T^)*Q can be canonically identified with the vector bundle J^{Q,'K^)o of A;^-covelocities of the 
manifold Q, that is the vector bundle of 1-jets of maps a: Q ^ R'^ with target at G M'^ and 
projection map : J^{Q,R% Q, r^(jg^o^) = 1, say , 

J\Q,R% = T*Q®.^.®T*Q 
j> ^ {da\q),...,da\q)) 

where = tt^ o a : Q — > R is the A^^ component of cr, and vr^ : M'^ ^ M is the canonical 
projection 1 < ^ < A;. For this reason to {T^)*Q is also called the bundle of -covelocities of the 
manifold Q. 

If (g*) are local coordinates on U C Q, then the induced local coordinates 1 < i < n, 

on T*U = (r*)~^([/), are given by 

q\aq) = q\q), Pi{aq) = ag ^ , aq e T*Q , 

and the induced local coordinates {q\pf), 1 < i < n, 1 < A < k, on {T^)*U = {tq)^^{U) are given 

by 

q\al,...,a''^)=q\q), (a^, . . . , a^) = (^^| J . 

Let us denote by {ri, . . . , r^} the canonical basis of R^. 



Definition 2.1 (Gunther \21f ) A dosed nan- degenerate R^ -valued 2-form 

k 

A=l 

on a manifold M of dimension N is called a polysymplectic form. The pair {M,ui) is a polysym- 
plectic manifold. 
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The manifold {T^)*Q is endowed with a canonical polysymplectic structure. This canonical 
structure (D = Y1\=i{'^o)a 'S> rA, on {T^)*Q is defined by 

('^o)a = (t1)*(wo), I < A<k, 

where : (T^YQ T*Q is the projection on the ^*^-copy T*Q of {T^YQ, and l^o = -^6*0 is the 
canonical symplectic structure of T*Q, 9q being the Liouville 1-form defined by 

eo{ag){X^J = a,((r*),(a,)(X„J), a, G T*Q, X,, G T^,{T*Q). 

One can also define the 2-forms {u!q)a by {u!o)a = —d{do)A where {9q)a = (r^)*^o- 

Thus the Liouville 1-form and the canonical symplectic structure on T*Q are locally given by 

00 = Pi dq\ Wo = -dOo = dq' A dpi , 

and the canonical polysymplectic structure ((1^0)1; • • • , {i^o)k) on {T^)*Q is locally given by 

{cvo)a = -d{9o)A = -d{pf dq') = dq' A dpf . (1) 

Definition 2.2 (Giinther A polysymplectic form ui on a manifold M is called standard iff 
for every point of M there exists a local coordinate system such that uja is written locally as in ^\). 

So the canonical polysymplectic form O on iT^)*Q is standard. 

Remark 2.1 The /c-symplectic manifolds were introduced in Awane ^ HI 01 and they coincide 
with the standard polysymplectic manifolds, as we now shall show. 

Definition 2.3 (Awane ^IJ) A k-symplectic structure on a manifold M of dimension N = n + kn 
is a family {uoa,V\1 < A < k), where each uja is a closed 2-form and V is an integrable nk- 
dimensional distribution on M such that 

W ^A^y,y = 0, {ii) n^=i kera;^ = {0}. 
In this case (M, u;^,!/) is called a k-symplectic manifold. 

Theorem 2.1 (Awane ^) Let [u^a^ V; \ < A < k) he a k-symplectic structure on M . About every 
point of M we can find a local coordinate system {q^,pf), l<i<n, l<A<k, such that 

UJA = dq' A dpf, l<A<k. (2) 
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The canonical model of /c-symplectic manifolds is also {T^)*Q and the canonical /c-symplectic 
structure {loa, V;1 < A < k), on iT^)*Q is given by 

= (wo)a = (T^)*(a;o), Val^Qa) = ker(T^)*(jg\oO-) . 

Therefore, the 2-forms of the canonical polysymplectic structure and the canonical /c-symplectic 
structure on {TlYQ coincide. 

From (j2I) we know that the standard polysymplectic structures and the /c-symplectic structures 
coincide. Indeed, if (D = X]a=i ^ is a standard polysymplectic structure on M, given a local 
adapted coordinate system {q^ipf) we can define, locally, the distribution V ^ of dimension n/c, by 
dq^ = ... = dq'^ = 0. Then , {toi, . . . ,uJk,V) is a /c-symplectic structure on M. 

Conversely if {u>i, . . . ,uJk,V) is a /c-symplectic structure on M then Co = u>a <Si ta is a 

standard polysymplectic structure on M, because it is trivially standard and is non degenerate as 
a consequence of (ii) in Definition 12.31 

As we shall see later, in his Hamiltonian formalism, Giinther uses a standard polysymplectic 
manifold because he needs to have local coordinates {q^,pf) in the manifold M where the Hamil- 
tonian is defined, which is equivalent to considering a /c-symplectic manifold. For this reason we 
will call the Giinther's formalism, called polysymplectic formalism, /c-symplectic formalism. 



2.2 The tangent bundle of /c^-velocities of a manifold 

Let T : TQ —>■ Qhe the tangent bundle of Q. Let us denote by T^Q the Whitney sum TQ(B ■ ^ ■ (BTQ 
of k copies of TQ, with projection tq : T^Q — > Q, TQ{viq, . . . , v^q) = q- 

T^Q can be identified with the vector bundle Jq (M'^, Q) of the /c^-velocities of the manifold Q, 
that is, the vector bundle of 1-jets of maps cr: R'^ ^ Q with source at € M'^, and projection map 
TQ-.TlQ^Q, TQ{jlqa) = a(0) = q, say 

JoHM^Q) = TQeA.QTQ 

J0,gO- = {vig,...,Vkq) 

where q = (7(0), and VAq = cr^.{0)[{d / dt^){0)], 1 < A < k. For this reason T^Q is called the tangent 
bundle of k^ -velocities ofQ. 

If (q^) are local coordinates on U Q Q then the induced local coordinates (g*,^*), 1 < i < n, on 
TU = T~^{U) are given by 

q\Vq) = q\q), V\vq) = Vq{q'), Vq£TQ, 

and the induced local coordinates {q\v\), I < i < n, I < A < k, on T^U = Tq^{U) are given by 

q'-{viq,...,Vkq) =q\q), V^iviq, . . . ,Vkq) = VAq{q') ■ 

We now introduce the canonical k -tangent structure on T^Q- 
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Definition 2.4 For a vector Xq at Q, and for 1 < A < k, we define its vertical A-lift (Xq)^ as 
the vector on T^Q given by 

{Xq)'^{viq, Vkq) = J^i^^q^ ' ' ' ' ^A-lq, VAq + sXq,VA+lq, 'ffcg)u=o 



(Xq)^ = a'^ (3) 



for all points {viq, . . . , Vkq) G TIQ. 
In local coordinates we have 

for a vector Xq = a* {d/dq^){q). 

The canonical k-tangent structure on T^Q is the set {S^, . . . , S'^) of tensor fields of type (1, 1) 
defined by 

S^{v){Z.,) = {{tqUv){Z,))^, for all G n{T^Q), v = {v^q, . . .,Vkq), 
for each 1 < A < k. 

From (jSj) we have in local coordinates 

s^ = irr^dq^ (4) 

dvA 

The tensors S can be regarded as the (0, . . . , 0, 1, 0, . . . , 0)-lift of the identity tensor on Q to 
T^Q defined by Morimoto [HU] . 

Remark 2.2 The fe-tangent manifolds were introduced as a generalization of the tangent manifolds 
by de Leon et al. |261l27j . The canonical model of these manifolds is T^Q with the structure given 
by (Si,..., 5^). 

To develop later the Lagrangian formalism, we now construct a polysymplectic structure on 
T^Q, for each regular Lagrangian L : T^Q — > K, , using its canonical /c-tangent structure. 

Definition 2.5 A Lagrangian L : T^Q — > M is called regular if and only if 
deti . I / 0, l<i,j<n, l<A,B<k. 

Let us consider the 1-forms {Ol)a = dL o , 1 < A < k. In a local coordinate system (g*, f^) 
we have 

dl 

= ^dq\ l<A<k. (5) 

Introducing the following 2-forms {ujl)a = —d{9L)A , 1 < ^ < fc, one can easily prove the 
following proposition: 
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Proposition 2.1 L : T^Q — M zs a regular Lagrangian if and only if . . . , {ujl)^) is a 

polysymplectic structure onT^Q. 

This polysymplectic structure, associated to L, was also introduced by Giinther |^ using the 
Legendre transformation. 

The Legendre map FL : T^Q — > (T^)*Q, was introduced by Giinther and we rewrite it 

as follows: if {Vlq, Vkq) G {T^)qQ 

[FL{viq, Vkq)]^iWq) = ■■■,VAq + SWq, Vkq)\s=0, 

for each 1 < A < k. We deduce that FL is locally given by 

In fact, from ^ and ©, we easily obtain the following Lemma. 

Lemma 2.1 For every 1 < A < k, {ujl)a = {FL)* {ujo)a, where {ujq)i, . . . , {ujQ)k are the 2-forms 
of the canonical polysymplectic structure or canonical k-symplectic structure of (T^)*Q. 

Then, from @ we get: 

Proposition 2.2 Let L be a Lagrangian. The following conditions are equivalent: 

1) L is regular. 2) FL is a local diffeomorphism. 3) {{ujl)i, . . . , {(jJL)k) is a polysymplectic 
structure on T^Q. 

Remark 2.3 If FL is a global diffeomorphism, then L is called a hyper-regular Lagrangian. 

3 /c-vector fields. Second order partial differential equations on 

3.1 A;- vector fields 

Let M be an arbitrary manifold and tm ■ T^M — > M its tangent bundle of fc-'^-velocities. 

Definition 3.1 A section X : M — > of the projection tm will be called a k-vectov field on 

M. 
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Since T^M is the Whitney sum TM© ©TM of k copies of TM, we deduce that a A;- vector 
field X defines a family of k vector fields {Xi, . . . on M by projecting X onto every factor. 
For this reason we will denote a A;- vector field X by {Xi, . . . ,Xk). 



Definition 3.2 An integral section of the k -vector field X = [Xi, . . . , X^) passing through a 
point X E M is a map (f) : Uq CM.^ ^ M, defined on some neighborhood Uq of E M!', such that 

(f){0)=x , (iTa ] = ^AiHt)) for every t e Uq, 1 < A < k, 



or equivalently, (j) satisfies X o = where (jP-^ is the first prolongation of (j) defined by 
(^(^) : ?7o C M'^ — > TlM 

t (f>W(t) = jl4>t , Mt) = 4>{t + t)^ 

for every i, i G M*^ such that t + t E Uq. 
In local coordinates: 

cp^'^ it\...,t'')=(^<P\t\...,t''),^{t\..., t'^ij , l<A<k,l<i<n. (7) 

We say that a /c- vector field X = {Xi, . . . , X/^) on M is integrable if there is an integral section 
passing through each point of M. 

We remark that a fc- vector field X is integrable if, and only if, {Xi, . . . , Xj^} define an involutive 
distribution on M. 



3.2 Second-order pctrtial differential equations in T^Q 

The aim of this subsection is to characterize the integrable A;- vector fields on T^Q such that their 
integral sections are canonical prolongations of maps from M'^ to Q. 

In general, if F : M — > AT is a differentiable map, then the induced map T^^F) : T^M T^N 
defined by Tl{F){jlg) = j^{F o g) is given by 

Tl{F){vi^, . . .,Vkg) = {F^{q)vig, . . .,F^{q)vkq) , 

where vig, ... ,Vkq€ TgQ, q €Q , and F^{q) : TgM Tp^g^N. 

Definition 3.3 A k-vector field on T^Q, that is, a section X: T^Q T^T^Q) of the projection 
Tt^q : TI{TIQ) T^Q, is a second order partial differential equation (sopde) if it is also a 
section of the vector bundle TI{tq) : T^iT^Q) — > T^Q; that is, 

Tl{TQ)o^ = IdTlQ (8) 

where TI{t) is defined by Tl{TQ){j^j) = j^{TQ o 7). 
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Let (g*) be a coordinate system on Q and the induced coordinate system on T^Q- 

From a direct computation in local coordinates we obtain that the local expression of a SOPDE 
(Xi, . . . is 

XA{q\v^A)=VA^,+{XAyB^: l<A<k . (9) 

If (/? : M'^ — > TI.Q, is an integral section of (Xi, . . . , X^) locally given by ip{t) = {(p^{t), v^^(i)) then 
XA{v{t)) = and thus 



ot at 



Prom (0) we obtain the following: 



Proposition 3.1 Let X = (Xi,...,Xfc) he an integrable SOPDE. If if is an integral section then 

(t) = {XA)WHt)) . (10) 



ip = i^(^) where 0^^^ is the first prolongation of the map ip = t o ip : M.^ T^Q ^ Q ^ and satisfies 



dt^dt"" 

Conversely, if (p : M*^ — > Q is any map satisfying then (t>'^'^'> is an integral section of{Xi, . . . , X^). 

Definition 3.4 Let (Xi, . . . , Xk) be an integrable SOPDE. A map (f> : M.^ ^ Q is said to be a 
solution to the SOPDE if the first prolongation (j)^^^ is an integral section of (Xi, . . . , X^). 

A k-vector field which is an integrable SOPDE is called a holonomic A;- vector field, and its integral 
sections ip = (p^^^ are called holonomic sections. 

Now we show how to characterize the SOPDe's using the canonical fc-tangent structure of T^Q- 

Definition 3.5 The Liouville vector field C on T^Q is the infinitesimal generator of the following 
flow 

RxT^Q TlQ 

{s,{viq,...,Vkq)) > {e^Vlq,...,e''Vkq), 

and in local coordinates has the form 

i,B 

We can write C = Ci + . . . + Ck where Ca, ^ ^ A < k, are the canonical vector fields on T^Q 
given by the following flows 

{s,{viq,...,Vkq)) > {viq,...,VA-lq,e^VAq,VA+lq,---,Vkq). 



10 



In local coordinates 

Ca = YvI^A^, (12) 
From Q, ©, (dU and ((EI) we deduce the following: 



Proposition 3.2 A k -vector field X = (Xi, . . . , X^) on T^Q is a SOPDE if, and only if, S^{Xa) 
Ca, for all 1 < A < k, where {S^, . . . , S^) is the canonical k-tangent structure on T^Q- 

4 Hamiltonian and Lagrangian formalism |21L 131] 
4.1 Hamiltonian formalism 

Let {M,ujA,y) be a A:-symplectic manifold, and H : M ^ a, Hamiltonian function. Let X 
{Xi, . . . , Xk) be a /c-vector field on M that satisfies the equations 



iXa^A = dH . (13) 

4 = 1 

If Xa is locally given by 

Xa = (XaY^ + {XaYb- ^ 



in a local system of canonical coordinates {q^,pf), (whose existence is ensured by the Theorem 12.11) 
then ([T^ is equivalent to the equations 

dq dpf 

So if {Xi, . . . , Xfc) is also integrable then its integral sections tp -.M.^ ^ M, with tp{t) = {ip^{t), v^^(t)) 
are solutions to the Hamilton-De Bonder- Weyl field equations 

dq' flj" Bpt dt* - - 

So, equation 1)13^ is a geometric version of the Hamilton-De Bonder- Weyl field equations. 



4.2 Lagrangian formalism 

In this subsection, we recall the Lagrangian formalism developed by Giinther j21j . 
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In general, given a Lagrangian function of the form L = L{q'^,v\), and using a variational 
principle, one obtains the Euler- Lagrange field equations for L: 



^ <i /8i\ 8L „ j ag' 

Es^(^j-^ = ». ". = 5^. (15) 

Then, let L : T^Q — > M be a La grangian, and let us consider the 2-forms {{lul)i, . . . , {u^Ljk) 
on T^Q defined by L, and El = C{L) — L, C being the Liouville vector field in T^Q- Now, let 
X = be a /c-vector field in T^Q (that is, a section X: T^Q — > T^{T^Q)) of the 

projection t^iq: TI{TIQ) T^Q. Then: 

Proposition 4.1 If ^ = (Xi, . . . , X^) is an integrahle SOPDE, and = : M'^' ^ T^^Q 
integral section of X, i/ien 'X. is a solution to the equation 

k 



iXa{'^l)a = dEL , (16) 

A=l 

if, and only if,(j):M.^—>-Qisa solution to the Euler- Lagrange equations il5]) . 
Proof: If each Xa is locally given by 

Xa = (XaY^ + (XaYb- ^ 



dq^ dv 



B 



then, from ©, (|TT1) and (fT6|) we deduce that {Xi, . . . , X^) is a solution to (|T6|) if, and only if, {XaY 
and {Xa)% satisfy the system of equations 

/ d^L d^L \ ,^ d^L j d^L dL 

(XaY - -—-J {XaYb = ^AT— 7^ - — > (17) 



dq'dv]^ dqidv\) dv^dv^^ dq'dv^^ dq' 

^'"^ {XAr = ^^v^A . (18) 



But, as X is a SOPDE, we have 

[XaY = v\, (19) 
then ((TH)) holds identically, and ((T7j) is equivalent to 

d'^L j d'^L ,^^,jdL , , 

< + T— 7T (^^)b = iri (20) 



dq^dv\ ^ dv\dvi, " dq 
Now, if ilj{t) = (j)^^^ = {(jf{t), (j)^j^{t)) is an integral section of X, then 



(A'.4r(«()) = = , (21) 

,X.)M*W) = |i = ^ , ,22) 
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and going to (|2U|1 we obtain that 



(23) 

which are the Euler-Lagrange equations for the map (j). 

Conversely, let X be an integrable SOPDE having ^(t) = 0^^^ = (</>*(t), 4>''j^{t)) as integral sections, 
for every {(jf{t)) solution to the Euler-Lagrange equations. Therefore (|2ip and (|22j) hold since X is 
a SOPDE, and then 1)23^. which holds because {(jf{t)) is a solution to the Euler-Lagrange equations, 
is equivalent to (|2U|) . Hence X is a solution to (|16|) . 



In this way, equation can be considered as a geometric version of the Euler-Lagrange field 
equations. 

Observe that, if the Lagrangian is regular, equation H18() leads to conclude that every solution to 
H16|) is a SOPDE. In addition, equation ()2U() leads to defining local solutions to ()16() in a neighborhood 
of each point of T^Q and, using a partition of unity, global solutions to Ijlbj) . 

Now let us suppose that the Lagrangian L : T^Q ^ M is hyper-regular, that is, FL is a 
diffeomorphism. We consider the Hamiltonian H : (T^)*Q M defined hy H = El o FL^^ where 
FL-^ is the inverse map of FL. Then: 



Theorem 4.1 a) IfKi = {{Xl)i, . . . , (Xj^)fc) is a solution to Hid]} then'KH = {{Xh)i, ■ ■ ■ , {Xh)^), 
where {Xh)a = FL^:{{Xl)a), 1 < A < k, is a solution to iliAj) withwA = {^o)a and H = EloFL~^. 

h) If^L = ■ ■ ■ , (^L)fc) is integrable, (f>^^^ is an integral section and (j) = t o (f>^^\ then 

ip = FL o (pW is an integral section of 'Kh = {{Xh)i, • • • , and thus it is a solution to the 

Hamilton-De Bonder Weyl equations \14^ for H = El o FL~^ . 

Proof: a) It is an immediate consequence of (fT^ and H16() using that FL*{u)q)a = (i^l)a and 
El = HoFL-^. 

b) It is an immediate consequence of Definition 13.21 of integral section of a A;- vector field. 



Definition 4.1 A singular Lagrangian system (T^Q, {ujl)i, ■ ■ ■ , {u)L)k) is called almost-regular if 

V := FL{T^Q) is a closed submanifold of {T^)*Q (we will denote the natural imbedding by jq : 

V ^ {T^)*Q, FL is a submersion onto its image, and the fibres FL~^{FL{v)), for every v G T^Q, 
are connected submanifolds ofT^Q. 
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In this case there exists Hq G C°°(P) such that {FLq)*Hq = El, where FLq: T^Q V is 
defined by jq o FLq = FL, and the Hamiltonian field equation analogous to ()13() is 

k 

E HXo)a^a = dHo (24) 

i=l 

where = Jq{ujq)a, for every I < A < k, and Xq = {{Xo)i, . . . , {Xo)k) (if it exists) is a fc-vector 
field on V. 



5 Skinner-Rusk formulation 



5.1 The Skinner-Rusk formalism for A;-symplectic field theories 

Let us consider the Whitney sum T^Q (Bq {T^)*Q, with coordinates {q\v'^,pf). It has natural 
bundle structures over T^Q and {T^)*Q. Let us denote by pri : T^Q (Bq {T^)*Q T^Q the 
projection into the first factor, pri{q\v\,pf) = iq\v\), and pr2 : T^Q ®q [TIYQ {Tl)*Q the 
projection into the second factor, pr2{q\ v^^, pf) = {q\pf). 

In this bundle, we have some canonical structures. First, let ((u;o)i, • • • , (i^o)a:) be the canonical 
polysymplectic structure on {T^)*Q. We shall denote by (ili, . . . , Q^) the pull-back by pr2 of these 
2-forms to T^Q {T^)*Q, that is, flA = {pr2T{uJo)A, I < A < k. 

Furthermore, the coupling function in T^Q ©q {T^)*Q, denoted by C, is defined as follows: 

C : TlQegiTlrQ M 

k 

{vig,...,Vkq,al,...,a'^) ^ ^af{vAq) 

A=l 

Given a Lagrangian L G C'^{T^Q), we can define the Hamiltonian function in T^Q (Bq {T^)*Q, 
denoted by 7^ G C°°{T^Q (Bq {T^)*Q), as 

n{vig, . . .,Vkq,al, ...,ag)= C{viq,.. .,Vkq,a\, . . . ,a^) - {prlL){viq, . . .,Vkq,a\, ...,a\) 

which, in local coordinates, is given by 

k n 

n=Y.Y.P^v'A-L{q\v\) . (25) 



A=l i=l 



Now, the problem consists in finding the integral sections ■(/': M*^ — > T^Q (B {T^)*Q of an inte- 
grable fe-vector field Z = {Zi, . . . , Zk) on T^Q (Bq {T^)*Q, such that 

k 

iz^^A = dn . (26) 

A=l 

Equation H26|l gives a different kind of information. In fact, writing locally each Za as 

Za = (ZaY^J + (ZaTb^ + {ZAf ^ 



dq^ ' ^'"dv^s ' dpi 



B ' 
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then, from (UJ), and we obtain 

A dL , , 

{ZaT = v\ (28) 

E(^A)f = gop., (29) 
A=l ^ 

where l<A<A;,l<i<n. Then from 1)281) we have that Za is locally given by 

2. + (Wb^ + (Z.)f ^ . ,30) 

So, in particular, we have obtained information of three different classes: 

1. The constraint equations (|27l) . which are algebraic (not differential) equations defining a 
submanifold of T\Q®q {T^)*Q where the equation ()26]) has solution. Let us observe that 
this submanifold is just the graph of the Legendre map FL defined by the Lagrangian L. 

We denote by j: ^ T^Q {T^)*Q the natural imbedding, and by pr^ : Ml T^Q and 
: Ml —>■ {T^)*Q the restricted projections of pri and pr2. 

2. Equations H28() which are a holonomy condition similar to (|19p and, as we will see in the next 
subsection (see Theorem 15. 1|) , they force the integral sections of the A;- vector field Z to be 
lifting of sections cj) : M.^ ^ Q. This property is similar to the one in the unified formalism 
of Classical Mechanics, and it reflects the fact that the geometric condition in the unified 
formalism is stronger than the usual one in the Lagrangian formalism. 

3. Equations H29() which, taking into account ((77)1 and iP5|l. are just the classical Euler-Lagrange 
equations (see Theorem 15. ip . 

If Z = (Zi, . . . , Zk) is a solution to ()26|) . then each Za is tangent to the submanifold Ml if, 

and only if, the functions Za i pf — ° pri J vanish at the points of Ml, for every I < A, B < 

\ 9v^B J 

k , 1 < j < n. Then from (|3U|1 we deduce that this is equivalent to the following equations 
Thus the problem to be solved is the following: 



Statement 5.1 To find an integral section t/j: M.^ Ml C T^Q®{T^)*Q of an integrable k-vector 
field Z = (Zi, . . . , Zfc) onT^Q ©q (T^TQ solution to \2b]) taking values on Ml- (This means that 
Z is tangent to Ml)- 
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Remark 5.1 1. Equations (|26|1 have not, in general, a unique solution. The solutions to are 

given by {Zi, . . . , Zj.) +ker $7^, where {Zi, . . . , Z^) is a particular solution, and : T^{T^Q®Q 

k 

{TlYQ) ^ T*{TlQ ®Q {TlYQ) is defined as n\Yi, ...,Yk) = Y, ^Ya^a- 

A=l 

2. If L is regular, then taking into account (|28() and (|29|) we can define a local A;-vector field 
(Zi, . . . , Zk) on a neighborhood of each point in Ml which is a solution to ()26() . Each Zy^ is 
locally given by 

{ZAy = v\ , {ZA)f = ^^s^, 

with {ZaYq satisfying H31|) . Now, by using a partition of the unity, one can construct a global 
fc-vector field which is a solution to (|26)) . 

When the Lagrangian function L is singular we cannot assure the existence of consistent solu- 
tions for equation (|26)) . Then we must develop a constraint algorithm for obtaining a constraint 
submanifold (if it exists) where these solutions exist. Next, we outline this procedure (see also ^5] . 
where a similar algorithm is sketched in the multisymplectic formulation). 

First, in order to assure the existence of a Hamiltonian counterpart for the singular Lagrangian 
system we assume, from now on, that the singular Lagrangians are almost-regular. 

We begin with Pq = M^. Then, let Pi be the subset of Pq made of those points where there 
exists a solution to (|2H|) . that is. 

Pi = {z G Po I 3{Zi, . . . , Zfc) e {TI),Pq solution to (EH)} 

If Pi is a submanifold of Pq, then there exists a section of the canonical projection rpp : T^Pq ^ Pq 
defined on Pi which is a solution to (|26j) . but that does not define, in general, a fc- vector field on 
Pi. To find solutions taking values into T^Pi, we define a new subset P2 of Pi as follows 

P2 = {z e Pi I 3(Zi, . . . , Zfc) G {Tl)zPi solution to ^} 

If P2 is a submanifold of Pi, then there exists a section of the canonical projection rp^ : P^Pi Pi 
defined on P2 which is a solution to (|26|). but that does not define, in general, a A;- vector field on 
P2. 

Proceeding further, we get a family of constraint manifolds 

. . . P2 Pi Po = Mi {T^YQ e T^Q 

If there exists a natural number / such that P/+i = P/ and dim Pj > k then we call Py the final 
constraint submanifold over which we can find solutions to equation (|26)) . Let us observe that the 
solutions will not be unique (even in the regular case) and, in general, will not be integrable. In 
order to find integrable solutions to equation (j^H), a constraint algorithm based on the same idea 
must be developed. 
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5.2 The field equations for sections 



Ml being the graph of FL, it is diffeomorphic to T^Q (so pr\ is a difFeomophism) . Let Z = 
(Zi, . . . , Zfc) be an integrable /c- vector field solution to H26() . Every integral section ■0: t G M*^ — > 
G TfciQ (r;J)*Q of Z solution to (EHl) is of the form ^/j = {'il;L,i^H), with 
V'-L = P^^i o 0: M'^ — > Tj^Q, and if ip takes values in Ml then -0// = FL o ip^ ; in fact, from 1)27^ we 
obtain 



In this way, every constraint, differential equation, etc. in the unified formalism can be trans- 
lated to the Lagrangian or the Hamiltonian formalisms by restriction to the first or the second fac- 
tors of the product bundle. In particular, conditions 1)27(1 generate, by pr2-projection, the primary 
constraints of the Hamiltonian formalism for singular Lagrangians (i.e., the image of the Legendre 
transformation, FL{T^Q) C (T^YQ , and they can be called primary Hamiltonian constraints. 

In this way the main result in this subsection is the following: 



Theorem 5.1 Let Z = be an integrable k -vector field in T^Q ®q {T^)*Q solution 

to and let ^ Ml d T^Q ®q {T^)*Q be an integral section of Z = {Zi,...,Zk), 

with ip = {'Pli'Ph) = {"ipLiFL o ^Pl)- Then ipL is the canonical lift (p^^^ of the projected section 
(j) = tq o pri o ip: ^ Q, and (p is a solution to the Euler- Lagrange field equations J j,5)) . 
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From (gTl), (|2H1) and (122) we obtain 

/ f)r \ fir 

^fit) = pfim) = [jrT°P^i) = TTX , (34) 

^{t) = {ZA)fm)\ (35) 
Therefore from ((2^1) , and we obtain 



and from 



^Mt) = ^(t). 

The last two equations are the Euler-Lagrange field equations for the section (j){t) = {ip^^t)) 
(t o pn o ^/;) (i ) , and -0^ = 



In addition, for the regular case we can prove: 

Proposition 5.1 Under the hypothesis of Theorem, \5.1\. if L is regular then ipn = FL o tp^ is a 
solution to the Hamilton-De Bonder- Weyl field equations il4[ l, where the Hamiltonian H is locally 
given by H o FL = E^. 

Proof: Since L is regular, FL is a local diffeomorphism and thus we can choose for each point in 
T^Q an open neighborhood U C TI.Q such that FL^jj : U —>■ FL{U) is a diffeomorphism. So we 
can define Hu : FL{U) ^ R as Hu = {El)\u ° {FL\uy^- 

Denoting hy H = Hu, El = {El)\u and FL = FL\jj, we have Ei = H o FL which we provides 
the identities 

dH , dH dL 

^oFL = v', . gyoFL=-_ . (36) 

Now considering the open subset V = ipj}{U) C M'' we have ii)\v --V (ZMI^ ^ U®FL{U) C Ml, 
where {iPl)\v : V C MI" ^ U C TIQ and {iPh)\v = FL o {i^l^v :¥ dM.^ ^ FL{U) C {TlfQ. 

Therefore from (gSI) and (EHI), for every t G 1/ C M'' we obtain 

dH 



oFl\ [^^{t)) = v\{Mt)) = ^^{t) 



dpf i'Hit) \dpf J '^"^^ " ^'^"^^ " dt^ 
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and 



A=\ 



A=\ 



from which we deduce that {^'^n)\v is a solution to the Hamilton-De Bonder- Weyl field equations 



Conversely, we can state: 



Proposition 5.2 If L is regular and X = (Xi, . . . is a solution to U6]) then: 

1. The k-vector field Z = (Zi, . . . , Z/.) given by Za = (Idj-ig © FL)^:{Xa) , 1 < A < k is a 
solution to \2(^) . 

2. If ipL '■ I^'^ '^kQ integral section of ^ = {Xi, . . . ,Xk) (and thus, from Proposition 
\41\ a solution to the Euler- Lagrange field equations) then ijj = {ipL^ FL o -0^) : M.^ Ml C 
T^Q ©Q {T^)*Q is an integral section of Z = {Zi, . . . , Z^). 

Proof: 

1. If L is regular and X = {Xi, . . . , Xf^) is a solution to ()16() . then from Proposition 14. II we know 
that Xa is a SOPDE and thus Xa is locally given by 

X,=.^|- + (X,)i^ (37) 

where {XaYb satisfy Since the map IdrpiQ e FL : T^Q ^ Ml C T^Q ® {Tl)*Q, is 

locally given by 

{<l\v^A)^il\v'A.^]. (38) 



from (|37|) and (|38j) we obtain 



Then from H20|) and H39|) we have that 

that is, the fc- vector field Z = (Zi, . . . , Z/j) is a solution to 1)26^ and each Za is tangent to M^;, 
for A : l,...,/c. 
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2. It follows from Definition 13.21 taking into account that pr2 o ijj = FL o ipi. 



Remark 5.2 The last result really holds for regular and almost-regular Lagrangians. In the 
almost-regular case, the proof is the same, but the sections ip, ipi and ^pH take values not on Ml, 
T^Q and (T^)*Q, but in the final constraint submanifold Pf and on the projection submanifolds 
pri{Pf) ^ TlQ and pr2{Pf) ^ {TI)*Q, respectively. 

5.3 The field equations for A;-vector fields 

The aim of this subsection is to establish the relationship between fc-vector fields that are solutions 
to (fT^ and /c- vector fields that are solutions to . The main result is the following: 

Theorem 5.2 Let Z = (Zi, . . . , Zk) be a k -vector field on Ml solution to 1126]) . Then the k-vector 
field Xl = . . . , {XL)k) on T^Q defined by 

y.L°prl = Tl{prl)oZ (40) 
is a k-vector field solution to Mb]) (where T^{pr^): T^{Ml) T^iT^Q) is the natural extension of 

Conversely, every k-vector field X.^ solution to lilb]) can be recovered in this way from a k-vector 
field Z in Ml solution to 1126]) . 

Moreover, the k-vector field Z is integrable iff the k-vector field is holonomic. 

Proof: Since pr^ : Ml T^Q is a diffeomorphism, then the /c- vector field X^ on T^Q defined by 
(|in|) is given by 

{Xl)a = {{vr^ry Za^ l<A<k. (41) 

Now, for every 1 < < A; we have that 

3*nA = [pr1nu:L)A , (42) 

which follows from Lemma 2.1 

fVlA = f{pr2r{uJ^)A = {p4nuJo)A = {FLopr'iY{ojo)A 
= {prf)*FL*{uJo)A = {prly{u:L)A. 

On the other hand we obtain that 

f'H = {pr^^YEL , (43) 
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from the following computation 

3*H = f{C - {pnYL) = fC - f{pn)*L 

= {pr^yCL - {pr^)*L = {pr^)*EL ■ 
From (HU) and (j32I) we deduce that 

k k / ^ \ 

A=l A=l \A=1 ) 

and from 1)43^ we deduce that 

dh*n) = d{{pr^,rEL) = {pr^ifdEL. (45) 

Since pr\ is a diffeomorphism, from H44|) and H45() we deduce that the A;-vector field Z is a 
solution to (PB)) iff the /c- vector field X/, is a solution to (jlbf) . 

Let us suppose now that the A;- vector field Z is integrable. As a consequence of Theorem 15.11 
for every integral section = {ipL, EL o ipi) of Z, ipi = for cp = t o pn o ip. Then 



d 



d 



{XL)AiprUm)) = {pr\um){ZAm))) = {pri o i^ut) ( ^ ) = m.{t) 

So, ipL = (p^^^ is an integral section of X^, and hence Xj;, is holonomic. 

Conversely, if X/, is holonomic then for every integral section ipL = 4>^^^ with : M*^ — > Q, the 
map ip = {ipL, EL o tpi) is an integral section of Z. In fact, from (|41() . for every 1 < A < k 



(K)-i)^(VL(t))((VL)*(t)(^(t))) = ((pr?)-ioV.x),(t) 



d 



If L is regular, in a neighborhood of each point of T^Q there exists a local solution X/, = 
{{Xl)i, . . . , {Xi)j.) to (fro|) . As L is regular, is a local diffeomorphism, so this open neighborhood 
can be chosen in such a way that EL is a diffeomorphism onto its image. Thus in a neighborhood 
of each point of EL{T^Q) we can define 

{Xh)a = [{EL)-^Y{Xl)a. l<A<k. 

or equivalently, in terms of /c-vector fields 

tI{EL)oXl = Xh . 
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Proposition 5.3 1. The local k-vector field = ({Xh)i, . . . , {XH)k) is a solution to Ucl\) . 
where the Hamiltonian H is locally given by H oFL = E^. (In other words, the local k-vector 
fields Ji-L <ind X// solution to U6}) and US\) . respectively, are FL-related). 

2. Every local integrable k-vector field solution to II 1,^) can be recovered in this way from a local 
integrable k-vector field Z in T^Q ®q {T^)*Q solution to 1126]) . 



1. This is the local version of Theorem 14. II a). 

2. On the other hand, if X// is a local integrable A;- vector field solution to ()13() . then we can 
obtain the i^L-related local integrable /c- vector field X^ solution to 1)16^ . By Theorem 15.21 
we recover X^, by a local integrable A;- vector field Z solution to (|26|) . 



6 Field operators 

6.1 The evolution operator /C in mechanics 

The so-called time-evolution fC-operator in mechanics (also known by some authors as the relative 
Hamiltonian vector field [SH|) is a tool which has mainly been developed in order to study the 
Lagrangian and Hamiltonian formalisms for singular mechanical systems and their equivalence. 
It was first introduced in a non-intrinsic way in as an "evolution operator" to connect both 
formalisms. 

In Classical Mechanics, the evolution operator /C associated with a Lagrangian L : TQ ^ M is 
a map K, : TQ — > T{T*Q) satisfying the following conditions (see ]XQ[): 

1. (Structural condition): is a vector field along FL, that is, tt*q o K, = EL, where EL is 
the Legendre map defined by L and tt*q ■ T{T*Q) — > T*Q is the natural projection. 

2. (Dynamical condition): (EL)*{iic{uJ o EL)) = dEi, where uj is the canonical symplectic form 
on T*Q and El = CL — L, being C the Liouville vector field on TQ. 

3. (Second-order condition): T(r*)o/C = IdxQ, where r* : T*Q ^ Q is the canonical projection. 
The existence and uniqueness of this operator is studied in ^^1- Its local expression is 



Proof: 




By definition : M ^ TQ is an integral curve of JC if 



T{EL)o ^=}Coip 



(46) 
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where ^: M — > T{TQ) is the prolongation of (/? to the tangent bundle T{TQ) of TQ. So we have 
the diagram 

T{TQ) '^{PL) , T{T*Q) 



TT'Q 




T*Q 



Moreover, ip =(/>, for (p -.M ^ Q, that is, 99 is holonomic. 

The most relevant properties of this operator are the following: 

• If there exists an Euler-Lagrange vector field Xl on TQ, that is, a solution to the equation 
iXl^l = dEj^, then (/j : M — > TQ is an integral curve of if, and only if, it is an integral 
curve of /C; that is, relation (|i6]) holds. 

As a direct consequence of this fact, the relation between /C and Xl is 

T{FL) oXl = }C. (47) 

In general, if the dynamical system is singular, the Euler-Lagrange vector fields exist only on 
a sub manifold S ^ TQ. 

• If there exists a Hamilton-Dirac vector field Xh on T*Q associated with the the Lagrangian 
system {TQ,ujl, El) (that is, a vector field solution to the Hamilton-Dirac equations in the 
Hamiltonian formalism), then ip : M ^ T*Q is an integral curve of Xh if, and only if, 

^= K o T(r5)o . (48) 
As a consequence, the relation between /C y Xh is 

XhoFL = K. (49) 



• If ^ G C°°{T*Q) is a Hamiltonian constraint, then iK{di ° EL) is a Lagrangian constraint. 



Relations (|46j) . (|47j) . (|48|) and (|49j) show how the Lagrangian and Hamiltonian descriptions can 
be unified by means of the operator /C. 

Some relevant results obtained using this operator are: 



• The equivalence between the Lagrangian and Hamiltonian formalisms is proved by means 
of this operator in the following way: there is a bijection between the sets of solutions of 
Euler-Lagrange equations and Hamilton equations, even though the dimensions of the final 
constraint submanifold in both formalisms are not the same, in general j^, |15j . 
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• The complete classification of constraints is achieved. All the Lagrangian constraints can be 
obtained from the Hamiltonian ones using the /C-operator [^. 

• Noether's theorem is proved and the relation between the generators of gauge and "rigid" 
symmetries in the Lagrangian and Hamiltonian formalisms is studied ^1], ^7], jl8j . 

• This operator has been applied to studying Lagrangian systems whose Legendre map has 
generic singularities; that is, it degenerates on a hypersurface [HHl, |39] . 



6.2 Field operators /C in field theories 

Next we generalize the definition, properties and some of the applications of the evolution operator 
for the fc-symplectic formulation of field theories, in order to describe the relationship between the 
Lagrangian and Hamiltonian formalisms ( the generalization for the multisymplectic formulation is 
given P]). In particular, we will study how to obtain the solutions of Lagrangian and Hamiltonian 
field equations by means of this operator, and the relation between them. 



Definition 6.1 A field operator /C associated with a Lagrangian L : T^Q —>-^ is a map 

K-.TlQ^TliiTlYQ) 

satisfying the following conditions: 



1. Structural condition : K, is a k -vector field along FL, that is 



T^TlYQ olC = FL. (50) 




Hence IC = (/Ci, . . . ,JCk), where each ICa, ^ 1^ A < k, is a vector field along FL. 



2. Field equation condition: 



k 

{FL)*[tK^ (a;o)A o FL)] = dEL . (51) 

A=l 
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3. Second- order condition: 



Tl{T*Q)0lC = Idr,.Q 



(52) 



Now we are going to calculate the local expression of a field operator /C. If f = (f i„, . . . , Vkq) € 



T^Q then from ()5UI) we have that 



d 



dpf 



FL(v) 



, l<A<k. 



Taking into account (|52|) and that the map T^{tq) : T^{{T^)*Q) — T^Q is locally given by 
Tl{T^){q\pf, {uaT, (uaW) = {q\ (uaY), we obtain that 

{ICAy = v\. (53) 
Then, writing in local coordinates the expression 1)51(1 

k 



Y,Ma{FL{v)) (^ICa{v),{FLUv) 



dEr 



d_ 



we obtain that 



A=l 



{JCa)Hv) ) = y v\^^{v) - ^(v) 



Therefore 



^(x:^)/ = (/Ci)i + (^2)? + ... + (/Cfc) 



A=l 



dL_ 

dq^ 



which means that every field operator /C is locally given by 



(54) 



/C^ = .^,(|-oFL)+(/C^)f (^oFl), l<A<k. 

where the components {ICa)^ satisfy the identity 

Equations ()53j) and ()54j) lead us to define local solutions in a neighborhood of each point of 
TIQ satisfying conditions 1, 2 and 3 in definition 16.11 



IdL / d 



dq^ J ' k dq^ \ dpf 



and, by using a partition of the unity, we obtain global solutions. 



FL] , l<A<k, 



Definition 6.2 ^ : M'^ — > T^Q is an integral section of the field operator JC if 

Tfci(FL) o V^i) = /CoV^. 
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Definition 16.21 means that, for every t G M'^, 



1< A<k. 



because 



where ipt(t) = tp{t + t). Thus, the following diagram is commutative 




6.3 Properties of the field operators related to the Lagrangian formalism 

In this section we study the properties of the field operator in relation to the Lagrangian field 
equations. In particular, we generalize the properties of the evolution operator in mechanics given 
in equation (|17|) . 



Proposition 6.1 Let L : TIQ 



he a Lagrangian. ■.M!' ^ TiQ is an integral section of K. if, 



and only if, tq o'ijj 



F^Q ^ Q solution to the Euler- Lagrange equations 1115]} . 



Proof: If ■.M'' ^ T^Q is locally given by = ("^^l^)) V'a(O)' ^'^^'^ from © we obtain that 



iFLoijUt)(-^ 



+ 



'dt^^^' W 
( d^L 



FLim) 



C 



dip' 



d^L 



d 



P 



dp)- 



On the other hand 



icAm)) = v'Am)) 



d_ 



FLim) 



FLim) 



(55) 
(56) 



So if -0 is a solution to /C, then from and we obtain the equations 



{t) = v\m)) = ^\{t) , 



(57) 
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and 



d 



dL_ 



im) ^(t) + i^TT^it) — -—(^(t)) = (/CA)f (^W) , (58) 



for every A = 1, . . . ,k. Therefore, from (|54j) (|57)) and (|58j) we obtain 



E 

A=l 



t \dv\ 



j2iicA)fim) = ^im) , m) = f^w , 



that is (tq o 'ip){t) = is a solution to the Euler-Lagrange equations (|15|) . 

The proof of the converse follows the same pattern than in the proof of the converse statement 
of proposition 14.11 



Theorem 6.1 Let L : T^Q — > M &e a Lagrangian and let K, he a k vector field along the Legendre 
map FL : T^Q ^ {T^)*Q. If^L ■ T^Q ^ T^{T^Q) a k-vector field on T^Q and js ■ S ^ T^Q 
is a submanifold of T^Q such that 

T^iFL)oXL = }C (59) 

then KL is a field operator associated with the Lagrangian L if, and only if, is a SOPDE solution 
to the equation Mb]) . 

TliFL) 



mnQ) 

TlQ 



TimYQ) 



FL 



inYQ 



Proof: We must prove that both the second-order condition, and the field equation condition hold 
for /C if, and only if, they hold for X/,. In this proof all the equalities hold on S. 

First, if /C = (/Ci, . . . , Kk) and Xl = ((Xl)i, . . . , {Xl)^), then equation is equivalent to 

T{FL) o {Xl)a = }Ca, l<A<k. 
s 



On the other hand (wl)^ = {FL)*{ujq)a so one easily proves that 

HXl)a i^L)A = iFL)*{tic^ {ujo)a o FL) , 
and for the field equation we obtain 

k k 
J2[iFL)*{lKA^AoFL)]-dEL = Y,[^xA^L)A]-dEL 



A=l 



A=l 
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hence the field equation condition holds for K, if, and only if, the Lagrangian field equation holds 
for Xl. 

Furthermore, in relation to the second-order condition (see Definition 13.3(1 we have that 

Tl{r*Q)olC = IdT.Q ^ Tl(r*Q)oTl{FL)o^L = IdTiQ ^ tI{tq) oy^^ = I d^iQ 

because FL is a fiber preserving map, that is Tq o FL = tq, and hence T^{tq) o T^(FL) = T^{tq). 
Thus the last equality is equivalent to (jSJ, and so the second order conditions for /C and are 
related. 

■ 

Finally, as an immediate consequence of propositions 14. ll and 16. li and theorem 16.11 we have: 

Corollary 6.1 Under the hypotheses of Theorem Xd.R if; : M.'' ^ S C T^Q is an integral section of 
the field operator JC if, and only if, it is an integral section of the SOPDE X^. (This means that JC 
is integrahle if, and only if, X.^ is integrahle). 

Moreover, every integral section ijj ■.Mf' ^ S C T^Q is an holonomic section. 



6.4 Properties of the field operators related to the Hamiltonian formalism 

Next we analyze the properties of the field operator in relation to the Hamilton-de Bonder- Weyl 
field equations, generalizing the properties of the evolution operator in mechanics given in Eqs. 
(jlHl) and (EH). 

Theorem 6.2 Let L he an almost-regular Lagrangian function, and JC a field operator associated 
with L. If there exist a k-vector field Xq : V T^'P; ^-''^d a submanifold Js'-S"^ '^kQ' ^f^^t 

Tijo o Xo o FLo = , (60) 

then Xq is a solution to the equation on P = FLq{S). 

Conversely, if Xq is a k-vector field solution to the equation \24-^ , then the above relation 
defines a k-vector field /C along FL, which satisfy conditions 1 and 2 of Definition \(j.A on S, hut 
not condition 3 (second-order condition) necessarily. 

If L is a hyper-regular Lagrangian function, then the same results hold (with S = T^Q). But in 
addition, in the converse statements the k-vector field IC along FL also satisfies the second-order 
condition 3 of Definition \ti.lV and hence it is a field operator for L. 
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Proof: Equation (|6U|) means that 

ihUF Lois)) {{Xo) a{F Lois))) = }Ca{s), seS, l<A<k. 



(61) 



Then, since jo o FLo = FL and ijo)*i^o)A = deduce, from (|HT]) that 

iFL)*ii^^iiu;o)AoFL)) = (FLo)*(z(XoU'^^) 
and since iFLo)*Ho = Ei we obtain 

k f ^ \ 

Y,{FL)*ii^^iii^o)A o FL)) - dEL = (FLo)* E(^(^o)^^a) " dHo 
A=l ^ \a=1 J 

where all the equalities hold on S. But, as FLo is a submersion, we obtain that 

k k 

Y,{FLriiKA^o)A o FL)) -dEL = ^ ^WxoU^a) -dHo = 

A=1 A=1 

hence the field equation condition holds for /C on S* if, and only if, the Hamiltonian field equation 
holds for on P = FLoiS). 

For hyper-regular systems, the proof of these properties is the same, but taking into acount that 
now V = iT^)*Q, and FLo = FL. In addition, the /c-vector field Xq = X is defined everywhere in 
iT^)*Q. Thus, the only addendum is to prove that, if X is a solution to the equation (|^H) . then 
its associated /c-vector field along FL, /C, satisfies the second-order condition. As X is a fc-vector 
field in (T^)*Q, by definition it is a section of T{tI)*q^ thus Tfj'iyQ o X = Idfj'iyq. Then, taking 
into account that FL is a diffeomorphism, and that H6U() reduces to X o FL = /C, we have that 

TliT*Q) o K = Tlir^o) o X o FL = FL~^ o t^^.^q o X o FL = H^^q 

which is the second-order condition for fC. 



Then assuming all these relations, we have: 
Theorem 6.3 K, is integrable if, and only if, Xq is integrable. In particular: 



tk V'S, 



1. Let FLs : S ^ P be the restriction of FLq to S (that is, jp o FLg = FLo ° Js)- If i^- 
S ^ T^Q is an integral section of IC on S, then ijjo'- ^ P ^ V is an integral section of 
Xq on P, where tpp := FLs ° "05- 

2. Conversely, if ipo'- ^ — ^ P V is an integral section of Xq on P, then the section 
ip: M'^ S ^ tIQ is an integral section of K, on S, for every ips ■ ^ S T^Q such 
that tpp = FLs ° "05- 

The section ipsj O'^'d hence ip := js °^s, are holonomic if, and only if, IC satisfies the second- 
order condition (and hence it is a field operator). 
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Proof: If the system is almost-regular, consider the diagram 




nmYQ) 



{TlYQ 




(where Xq denotes any extension of the /c- vector field solution on PioV). 



1 . If ■i/' is an integral section of /C then 



l< A<k. 



but FL o ip = jo ° ipo because 

FLoTp = FLo js oiPs = jo o jp o FLs otps = jo o jpo^ = jo o ipo , 
therefore is equivalent to 

d 



l< A<k. 



Furthermore, from (|61() and taking into account that FLq o = i/jq^ we have that 

ICAim) = {joUFLo{m)){Xo)A{FLo{m)) = {joUMt)){{Xo)A{Mm 

then, from (|64jl and (|65jl . taking into account that jq is an imbedding, we deduce 



Hence, ipo is integral section of Xq. 



iXo)A{Mt)) , l<A<k. 



(62) 



(63) 



(64) 



(65) 



2. The converse is proved by reversing the above reasoning. In addition, the sections ips and 
'■= Js°ips are holonomic if, and only if, they are integral sections of a second-order A;- vector 
field along the Legendre map. 



If the system is hyper-regular the proof is analogous, but taking V = {T^)*Q and FLo = FL 
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It is important to point out that, if the integrabihty condition holds only in a submanifold 
Z ^ S, then Theorem 16.31 only holds on 2 and FL{Z) (which is assumed to be a submanifold of 
P)- 

Observe also that Theorem 16.31 together with Theorem 16. H establish the equivalence between 
the Lagrangian and Hamiltonian formalisms. 
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